arXiv:1505.01388vl [math.FA] 6 May 2015 


Riemann-Liouville Fractional Cosine Fnnctions 


Zhan-Dong Mei ^ Ji-Gen Peng ^ 


Abstract 


In this paper, a new notion, named Riemann-Liouville fractional cosine function is pre¬ 
sented. It is proved that a Riemann-Liouville a-order fractional cosine function is equivalent 
to Riemann-Liouville a-order fractional resolvents introduced in [Z.D. Mei, J.G. Peng, Y. 
Zhang, Math. Nachr. 288, No. 7, 784-797 (2015)]. 
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1 Introduction 

Assume that A is a Banach space, A : D[A) C A —>• A and B : D{B) C A —)• A are closed 
linear operators. It is well-known that Go-semigroup is an important tool to study the following 
abstract Cauchy problem of first order 
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and cosine function essentially characterizes the abstract Cauchy problem of second order de¬ 
scribed by 


-^ = Bu{t), t>0 


( 1 . 2 ) 


u(0) = X, u'{0) = 0. 


Here a Co-semigroup is a family {T{t)}t>o of strongly continuous and bounded linear operators 
defined on X satisfying r(0) = I and T{t + s) = T(t)T{s), t, s > 0; a cosine function is a family 
{S{t)}t>o of strongly continuous and bounded linear operators defined on X satisfying 5(0) = I 
and 2S{t)S{s) = S{t) + 5(s), t > s > 0. 

Concretely, system is well-posed if and only if A generates a Co-semigroup {T{t)}t>o, 
namely, Ax = lim^^o+ t~^{T(t)x — x) with domain D{A) = {x € D{A) : limj^o+ t~^{T(t)x — x) 
exists }; system is well-posed if and only if B generates a cosine function {S{t)}t>o, namely, 
Bx = 21im^_^o+ t~'^{S{t)x — x) with domain D{B) = {x G D{B) : lim^_^o+ t~‘^{S{t)x — x) exists 
}. Therefore, pure algebraic methods can be used to study abstract Cauchy problems of first 
and second orders. For details, we refer to mm- 

However, equations of integer order such as a and (1121) can’t exactly describe the 
behavior of many physical systems; fractional differential equations maybe more suitable for 
describing anomalous diffusion on fractals (physical objects of fractional dimension, like some 
amorphous semiconductors or strongly porous materials; see mm and the references therein), 
fractional random walk ISIIB], etc. Fractional derivatives appear in the theory of fractional 
differential equations; they describe the property of memory and heredity of materials, and it 
is the major advantage of fractional derivatives compared with integer order derivatives. Let 
a > 0 and m = [a], The smallest integer larger than or equal to a. There are mainly two types 
of a-order fractional differential equations, which are most used in the real problems. 

1) Caupto fractional abstract Cauchy problem 



t > 0 


(1.3) 


where is the Caupto fractional differential operator defined as follows: 
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2) Riemann-Liouville fractional abstract Cauchy problem 


Dfu{t) = Au{t), 

{g 2 -a * u){0) = lim^^o+ Jo " u{a)da = x, 

{ 92 -a *u)(^^(0) = lim^^o+ fo ^ r[i-a) u{a)da = 0,k = l,2, 1. 

where Df is the Riemann-Liouville fractional differential operator defined by 


(1.4) 


D?u{t) = ‘ ^ [\t - 

i (m — CKj at Jq 

Obviously, (HD is just the limit state of equations (11.311 and (HID as a —>■ 1 , and (HID 
is just the limit state of equations ()1.3p and (II.4p as a ^ 2. Initial conditions for the Caputo 
fractional derivatives are expressed in terms of initials of integer order derivatives [HIIIIIT]. 
For some real materials, initial conditions should be expressed in terms of Riemann-Liouville 
fractional derivatives, and it is possible to obtain initial values for such initial conditions by 
appropriate measurements mu- 

In order to study Caputo fractional abstract Cauchy problem (11.311 . Bajlekova [2] intro¬ 
duced the important notion of solution operator for equations (|1.3p as follows. 


Definition 1.1 A family {T(f)}t>o of bounded linear operators of X is called a solution operator 
for im if the following three conditions are satisfied: 

(a) T{t) is strongly continuous for t >0 and T{0) = I, 

(b) T{t)D{A) C D{A) and AT{t)x = T{t)Ax for all x G D{A) and t > 0, 

(c) for any x G D{A), there holds 

T{t)x = x + JfT{t)Ax, f > 0. 

Here the notation Jf^fi^t) is defined by 

[ (.t- a)‘^-^f{t)dt. 
r(a) Jo 

Chen and Li developed in [3] a notion of a-resolvent operator function, which was proved to 
be a new characteristic of solution operator. Hence, Caputo fractional abstract Cauchy problem 
can be studied by pure algebraic methods. The definition of a-resolvent operator function is as 
follows. 

Definition 1.2 Let {S{t)}t>o be a family of bounded linear operators on X. Then {S{t)}t>o is 
called to be an a-resolvent operator function, if the following assumptions are satisfied: 
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1) S{t) is strongly continuous and S{0) = I. 

2) S{s)S{t) = S{t)S{s) for all t,s >0. 

3) S{s)J^S{t) - JfS{s)S{t) = J^S{t) - JfS{s) for all i, s > 0. 

In [T^ . Li and Peng proposed the following notion of fractional resolvent to study Riemann- 
Liouville a-order fractional abstract Cauchy problem (|1.4p with a G (0,1). 

Definition 1.3 [72j/ Let 0 < a < 1. A family {T(t)}t>o of bounded linear operators on Banach 
space X is called an a-order fractional resolvent if it satisfies the following assumptions: 

(PI) for any X G X, T{-)x G C{{Q,oo),X), and 

^lim T{a)t^~'^T{t)x = x for all x G X] (1-5) 

(P2) T{s)T{t) = T{t)T{s) for all t,s>0; 

(P3) for all t,s > 0, there holds 

mJ^Tis) - J^T{t)Tis) = (1.6) 

i [a) i [a) 

Recently, we studied in m Riemann-Liouville a-order fractional Cauchy problem dm) 
with order a G (1,2) through the study of Riemann-Liouville a-order fractional resolvent defined 
as follows: 


Definition 1.4 A family {T(t)}i>o of bounded linear operators is called Riemann-Liouviille 
a-order fractional resolvent if it satisfies the following assumptions: 

(a) For any x G X, Ta{-)x G C((0, oo),X), and 

lim r(a — l)t‘^~^T{t)x = x for all x G X; (1-7) 

(b) T{s)Ta{t) = T{t)Ta{s) for all t, s > 0; 

(c) for all t,s > 0, there holds 

Tisutnt) - jm^mt) = -fl^j“T(t) - '/ fr(s). (1.8) 

1 (a — 1) 1 (a — 1) 

The linear operator A defined by 

D(A) = {x G X : lim - - -exists} 

t^o+ t^° 

and 

— T^X 

Ax = lim - K for x G D(A) 

t^o+ ^ ^ 
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is the generator of the Riemann-Liouville a-order fractional resolvent {T(t)}f>o in Definition 
O with D{A) the domain of A. 


Moreover, we proved that {T(t)}t>o is a Riemann-Liouville a-order fractional resolvent if 
and only if it is a solution operator defined as follows: 


Definition 1.5 A family {T(t)}t>o of bounded linear operators of X is called a solution operator 


for if the following three conditions are satisfied: 

(a) T{t) is strongly continuous for t > 0 and limi_^o+ ^(a — l)t‘^~°‘T{t)x = x, x ^ X, 

(b) T{t)D{A) C D{A) and AT{t)x = T{t)Ax for all x € D{A) and t > 0, 

(c) for any x € D{A), there holds 



However, the above functional equations for fractional differential equations are not ex¬ 


pressed in terms of the sum of time variables: s +1 . This is very important in concrete appli¬ 


cations of the functional equation, just like Co-semigroups, cosine functions. Motivated by this, 
Peng and Li m established the characteristic of a-order fractional semigroup with a € (0,1): 



where the integrals are in the sense of strong operator topology. Concretely, they proved that 
a-order fractional semigroup is closely related to the solution operator of Caputo fractional 
abstract Cauchy problem (II.3|) . 

Mei, Peng and Zhang m developed the notion of Riemann-Liouville fractional semigroup 
as follows: 

Definition 1.6 We call a family {T(t)}f>o of bounded linear operators to he a Riemann-Liouville 
a-order fractional semigroup on Banach space X, if the following conditions are satisfied: 
i) for any x & X, t T{t)x is continuous over (0, oo) and 


t —^O-h 


lim r(a)t^ °‘T{t)x = x; 


(1.9) 


a) for all t,s > 0, there holds 



( 1 . 10 ) 


where the integrals are in the sense of strong operator topology. 
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It is proved in |13j that A generates a Rimann-Liouville fractional semigroup if and only if it 
generates a fractional resolvent developed in m 

In order to study Caputo fractional Cauchy problem of order a G (1, 2), we recently studied 
in m the notion of fractional cosine function as follows 


Definition 1.7 A family {T(t)}t>o of bounded and strongly continuous operators is called an 
a-fractional eosine funetion ifT(0) = I and there hold 

T(r) , , /■* r r(r) 


rt-\-s n<j 


/O ^0 
rs ncr 



{t + s — cj)“ ^ 
T{t) 


drda — 


dr da 



0 Jo {t + s — cr)" ^ 


drda 


0 Jo {t + s — cj)“ ^ 

‘ r rna)Tir) 

^ Jo Jo (s-t)^ ^ 



10 JO 

Ot PS 


drda 


r ^> 0 . 

Jo Jo (t + s-(r-T)“-l • • - • 


>0 JO {t + s-a-r) 
where the integrals are in the sense of strong operator topology. 


( 1 . 11 ) 


We proved that A generates a fractional cosine function {T{t)}t>o if and only if it generates an 
a-resolvent operator function, that is, the following equalities holds: 


T{s)J^T{t) - J'fT{s)T{t) = JfT{t) - JfT{s), > 0. 


As is stated above, functional equations involving t, s and t + s have been discussed for 
Caputo fractional differential equations (ll.3p with a G (0,1) and a G (1,2), Riemann-Liouville 
fractional equation (11.411 with a G (0,1). To close the gap, we will discuss the residual case, 
that is, functional equations involving t, s and t + s for Riemann-Liouville fractional equation 
dm) with a G (1,2). To this end, we first consider the special case that T(-) is exponentially 
bounded (hence it is Laplace transformable). Take laplace transform on both sides of (11.81) with 
respect to s and t to get 

(A-“ - p-^)f{yL)f{X) = A^-“/i^-“(A-^f(A) - yi~^f{fi)). (1.12) 


It follows from |141 (3.8)] that the Laplace transform of the right side of (jl.lll) satisfies 




n^)T{r) 

{s — r)"“^ 


drda 


T{ct)T{t) 


{t + s — a — r)" ^ 
r(2 -a)(A" -/r“) 


drda ) dsdt 


A//(A -/i) 


-T{p)T{\). 


(1.13) 
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The combination of (I1.12p and (jl.ldl) implies that 


H rs 


t rs 



0 ^0 


Tia)T{r) 
{s — 


drda 


T{a)T{T) 


{t + s - a - t] 


CX.— 1 


drda I dsdt 


-If 

fi — X 

Let m{t) = f*T(a)da, by similar proof of [TOl (4.2)], there holds 


/•OO PC 

/ 

Jo Jo 


e ^^m{t + s)dsdt = 


m{ix) — rh{X) X ^T{X) — iJ, ^T{ix) 


X — 


fj, — X 


By virtue of Laplace transform, it follows that 

rt-\-s 


/ t+5 

T{a)da 

f f r 

Jo Jo i't — 0 ")“ Jo Jo 


(s-t) 


drda 


t PS 



T{ct)T{t) 


^Q;—1 


drda, 


(1.14) 


10 JO {t + s-a-T) 

In the following two sections, we will show that (I1.14p also holds without the assump¬ 
tion that {T(t)}t>o is exponentially bounded and it essentiality describes a Riemann-Liouville 
fractional resolvent. 


2 Riemann-Liouviller Fractional Cosine Function 

Equality (|1.8I1 is an important functional equation for the solution of equation (]1.4I1 with a G 
(1,2). However, as is stated in the introduction, (11.81) does not write the functional equation in 
terms of the sum of time variables: s -|- f. This is very important in concrete applications of the 
algebraic functional equation. Therefore, it is very valuable to study functional equation (11.141) . 
which appears in the following definitions. 

Definition 2.1 We call a family {T(t)}t>o of bounded linear operators to be a Riemann-Liouville 
a-order fractional cosine function on Banach space X, if the following conditions are satisfied: 

i) T{t) is strongly continuous, that is, for any x C X, the mapping 1 1 -)- T(t)x is continuous 
over (0, oo); 

a) there holds that 

lim t^~^T(t)x = —-r for all x € X; (2-1) 

t^o+ ^ ^ r{a - 1) ^ ^ 
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in) for all t,s > 0, there holds 


/ t+s 

T{a)da 

r‘ rm) f r T(a)nr) 

Jo Jo Jo Jo 


(s-t) 


drda 


ff 


T{a)T{T) 


-drda. 


to JO [t + s-a-rY ^ 
where the integrals are in the sense of strong operator topology. 


( 2 . 2 ) 


Lemma 2.2 Let {T{t)}t>o be a Riemann-Liouville a-order fractional cosine on Banach space 
X. Then {T{t)}t>o 'Is commutative, i.e. T{t)T{s) = T{s)T{t) for all t,s > 0. 


Proof. Observe that the left side of (j2.2p is symmetric with respect to t and s. Hence we 
can obtain the following equality. 

rt rs rt rs T{a)T{T) , , T{a)T{T) 

drda — 


Jo Jo 



0 JO (s-t) 

* T{a)T{T) , , r T{a)T{T) 


'id —1 



0 


7-r —-rdrda + / / -- 

Jo Jo (t-r) 


W —1 


drda — 


0 JO {t + s-a-T 

" T{a)T{T) 


id—1 


drda 


0 Jo 


{t + s — a — T 


— -rdrda, t, s > 0. 

^d—1 ’ ’ 


The commutative is proved by the same procedure of m Proposition 3.4]. ■ 

Definition 2.3 Let {T(t)}t>o be a Riemann-Liouville a-order fractional cosine function on 
Banach space X. Denote by D{A) the set of all x £ X such that the limit 


hm r(a + l)t-“ ( Tit)x - / : 

t^o+ V r(a — 1) 


0-2 


exists. Then, the operator A : D{A) —>■ X defined by 


t 


0-2 


Ax = limr(a + l)t ^‘Jf ^\T(t)x—^, .. 

i-i>o+ V r(a — 1) 

is called the generator of {T{t)}t>o- 

Proposition 2.4 Assume {T(t)}f>o to be a Riemann-Liouville a-order fractional cosine func¬ 
tion on Banach space X. Suppose that A is the generator of {T{t)}t>o- Then, 

(a) For any x £ X and t > 0, there holds Jf‘T{t)x £ D{A) and 

j.a—2 


T{t)x = 




-X + AJ^T{t)x] 


T{a-iy 

(b) T{t)D{A) C D{A) and T{t)Ax = AT{t)x, for all x £ D{A). 


(2.3) 
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(c) For all x € D{A), we have 

T{t)x = —^-—X + J^T{t)Ax] 

r(a- 1) 

(d) A is equivalently defined by 

T{t)x — 1 X 

Ax = r(2a - 1) ^Hm - ^ - (2.4) 

and D{A) is just consists of those x a X such that the above limit exists. 

(e) A is closed and densely defined. 

(f) A admits at most one Riemann-Liouville a-order fractional cosine function. 


Proof, (a) Let x G X and 6 > 0 be fixed. Denote by gb{-) the truncation of T(-) at b, that is, 

9b{o-) = 


T{a), 0 < a <b 

0, a > b. 


Define the function Hb{r, s) for r, s > 0 by 


ffb(r,s) = gb{r) - 


„oi-2 


r(a- 1)' 


I ]jf9b{s)x. 


(2.5) 


Obviously, for 0 < r < t. 


Hfirfi) = [T{r)- 


„a-2 


l]jfiT{t)x. 


r(a- 1) 

Take Laplace transform with respect to r and s successively for both sides of (j2.5|) to derive 


( 2 . 6 ) 


iLb(/r,A) = A °‘gb{g)gb{X)x - X °h{X)x. 


(2.7) 


Denote by L{t,s) and R{t,s) the left and right sides of equality (12.2p . respectively. More¬ 
over, denote by Rb(t,s), and Lb{t,s) the quantities resulted by replacing T{t) with gb{t) in 
R{t,.s), L{t,.s), respectively. 

It follows from (3.7) of [13] that the Laplace transform of Rb{t,s) with respect to t and s 
is given by 

Rbih, X) = (2.8) 

For all t > 0, the Laplace transform of Lb{t, s) with respect to s and t can be obtained as 
follows: 

X~^gb{X) - g-^gb{fi) 


Lb{g,X) = r(2 - a}- 


fj, — X 


(2.9) 
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Combine (j2.7jl . (|2.8h and (12.9p to derive 


Hb{fi,X)=fi °'gb{p)%{X)x - "A^ °‘gb{ix)x 


+ r( 2 -«) 

Take inverse Laplace transform to obtain 


-{Lb{g,\) - Rb{g,X))x. 


„a-2 


Hbir,s) = \^gb{s) - 

+ 


l]jr9bir)x 


r(a-l) J ^ 

- (D^»)Jr^] ■ [Lb{r,s) - Rb{r,s)]x 
r(2 - a) 


Here the Laplace transform formulas 

^/(A) = A^/(A) - hm jrV(t),0 < /3 < 1,/ G C([0, cx)),X) 


is used. 

By the definition of gb, it follows that Lb{r, s) = Rb{r, s) for all 0 < s, r < 6 
Hb{r, s) = (t{s) - Jrnr)x,y 0<r,s<b. 


This implies that 


= (rit) - ^^^"^^ iy»T{r)x,yO< r < t. 

Combining (|2.6K and (I2.1fll) . we derive that 

r(a + 1).-“ jr“ (T(r) - J,”T(i)x 

=+1)'-" (^(‘) - 

=r(a +l)(r(t) - —^- 7 tA lim r"" / {r - a)T{a)xda 

\ r(a — 1) / r^> 0 + Jo 

• lim [ (1 - o-)fj““2(rcr)2-“r(rcj)xdcr. 

Jo 


we have that 


( 2 . 10 ) 
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By the dominated convergence theorem and (b) of Definition 12.11 it follows that 

^ 0.-2 


lim r(a + l)r-“ j;-“ T{r) - 


r^0+ 


r(a-l) 




=r(a + i) r(t)- 


4 . 0 L — 2 


/ (l-CT)n“-^ lim (rn)^-“r(rn)xd(T 
r(a — 1) ) Jq r->- 0 + 


_r(a + l) 
“r(a- 1) 
r(a + l) 
■r(a-i) 

=T{t)x — 


T{t)- 


T{t)- 


+0.-2 


r(a- 1) 

j.a— 2 


I 


(1 — ^dax 


r(«-i)r(2) 
r(a-l)V r(a + l) ■ 


-I 


4 . 0 .— 2 


-X. 


r(a-i)- 

This implies that J^T{t)x G D{A) and 


4.0—2 


AJ^T{t)x = T{t)x - 


-X. 


T{a-l)' 

(b) and (c) are directly obtained by Lemma 12.21 and (a). 

(d) Denote by D the set of those x (z X such that the limit 


lim 


t 2«-2 


exists. Let x G D{A). Then, by (b), we have that 


r( 2 a — 1) lim 

t^o+ 


=r(2Q: — 1) lim 

lim 

r(a) t^o+ 


t2a-2 

J^T{t)Ax 


t^-0+ t2a-2 

J^{t-a)^-^T{a)Axda 


_r(2a-]^ lim [ (1 — ct)“ °'T{ta)Axda. 

L(q;) t—^0+ Jq 

The combination of the dominated convergence theorem and (b) of Definition 12.11 indicates that 


r( 2 a — 1) lim 

t^o+ 

r(2a-l) 


t2a-2 


, , f (1- n)"-lim (taf-^T{ta)Axda 

r(a) Jq t^o+ 


r(2a - 1) 
r(Q: — i)r(a) 
r(2a — 1) r(Q: — i)r(a) 




r(Q:—l)r(a) r(2Q; — 1) 

=Ax. 


— (t)“ “^Axda 
Ax 
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This implies that x £ D and then D[A) C D. Now we prove the converse inclusion. Let x £ D, 
that is, the limit 


lim 

i-)-0+ 




^2a-2 

exists. By the dominated convergence theorem, it follows that 

j.a—2 


lim r(a + l)t-“ ( T{t)x - 


t^o+ 




r(a-l)' 


r(a + l) 

4—>- 0 + r(2 — a) jQ 


_^T{ta)x - 

(tcj)2“-2 


= lim ir ' / (1 - 


/ (1-^)' 

Jo 


t^o+ 


r(a + i) /■! 

''Ti2-a)i 

r(a + l)r(2-a)r(2a-l) T{t)x - 
''T{2-a) r(a + l) t 4 “ 


(tcj)2«-2 


^2a-2 


da 


da 


Hence, x £ D{A) and 


Ax = r(2Q; 


1) lim 
t^o+ 


t2a-2 


( 2 . 11 ) 


(e) The properties that A is closed and densely defined are followed directly from the 
combination of (d) and [12]. 

(f) Assume that both {r(t)}t>o and {S'(t)}t>o are Riemann-Liouville a-order fractional 
resolvent generated by A. Then, by (c), for all x £ D{A), we have 


J-Q — 2 


r(a- 1) 


* T{t)x ={S{t) - J^AS{t)) * T{t)x 

=S{t) * T{t)x - {J^AS{t)) * T{t)x 
=S{t) * {T{t)x - J^AT{t)x) 


t 


a-2 


r(a-l) 


* S{t)x. 


By Titchmarsh’s Theorem, for any t > 0, T{t) = S{t) on D{A). The result is obtained by the 
density of A. ■ 


Corollary 2.5 Assume that A generates a Rimann-Liouville a-order fractional cosine function 
on Banach space X. Then {T(t)}t>o is a Riemann-Liouville a-order fractional resolvent. 
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Proof. In (a) of Theorem 12.41 replacing x with JfT[s)x, and using Lemma [2.2[ we obtain that 

+Q. — 2 


T{t)JfT{s)x 




r(Q;- 1) 

ta-2 

■r(Q;- 1) 

J.Q — 2 


JfT{s)x + AJ^T{t)JfT{s)x 


JsT{s)x + AJfT{s)J^T{t)x 


.JfT{s)x+[T{s)- 


4.0L — 2 


r(a-l) 

which is just (ll.8|) . The proof is therefore completed. 


r(a- 1) 




3 Equivalent to Riemann-Liouville fractional resolvent 

In this section, we will prove that equality (jl.Sp essentially describes a Rimann-Liouville a-order 
fractional cosine function. 


Theorem 3.1 Suppose that {T{t)}tyo *5 a Riemann-Liouville a-order fractional resolvent on 
Banach space X. Then, the family is a Riemann-Liouville a-order fractional cosine function. 


Proof. Denote by L{t, s) and R(t, s) the left and right sides of equality (|2.2p . respectively. 
Obviously, what we need is to prove that L{t, s) = R{t, s) for all t,s > 0. For brevity, we 
introduce the following notations. Let 


H{t,s) =T{t)J^T{s) - JtT{t)T{s), 

K{t, s) =-^^— J<fT{s) - -^^— J-T{t),t, s > 0. 

I (a — Ij I (a — Ij 

Moreover, for sufficiently large b > 0 denote by gb(t) the truncation of T(t) at b, and by Rb{t, s), 
Lb{t,s), Hb{t,s) and Kb{t,s) the quantities resulted by replacing T{t) with gb{t) in R{t,s), 
L{t,s), H{t,s) and K{t,s), respectively. 

We set 


and 


Pi 





r J!iAlLird„ + , , , , 

^ ^ Jo Jo {t- Jo Jo (s - r) 

_ r Hb{a,r 

Jo Jo 


drda 


{t -\- s — a — T 


drda 


Qb{t,s)= f r 

Jo Jo 


drd^+ " " 


'\a—1 


If 


0 Jo — O') Jo Jo 

* Kb{a,T 


Kbjcr, t) 
(s — 


drda 


ff 


(t + s — cr — r) 


a—1 


drda. 


(3.1) 
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Observe that the equality (II.8p implies H{t, s) = K{t, s) for any t,s > 0. Thus, for all t,s > 0, 


lim Pb{t,s) = lim Qb{t,s). (3-2) 

b—^oo 6—>-cx) 


By [TTl (3.13)], it follows that 


Pb{t, s) = (j“ - jnRbit, s), V t,s>o. 


(3.3) 


We now compute Laplace transform of the hrst term of Qb{t,s) with respect to s and t as 
follows, 

Kb{a,T) 


roo roo rt r 

/ / 

Jo Jo Jo Jo 


g-Mt / g-A. 


0 ^0 
t rs 


OL—1 


drdadsdt 


{t-a) 


^J?9b{r) - 


0 JO 


(t-a) 


oo ft roo ps 

—fit I I ^ —As 


a—1 

a-2 


/ / / "" 

/o Jo Jo 


"f 


Y{^)J?9b{T) - J«5b(a) 


[t-a) 


a—1 


drdadsdt 


drdsdadt 


Pe-^ Pe-- f r 

Jo Jo Jo Jo (t-a)“-i 


/•OO pt - rp- poo pS 

'' / / JT9b{T)dTdsdadt 

Jo Jo Jo Jo 


poo pt 

/ 

Jo Jo 


J^9b{a) 


[t — cj)“ ^ 


=r(2 - a)^i-^\-<^-^gb{X) - r(2 - 


rco rs ^a—2 

( r(a-l) 

—2 \ —a' 


drdsdadt 


The Laplace transform of the second term of Qb{t,s) with respect to s and t is computed 
as follows 

Kbia,r) 


a—1 


drdadsdt 


(s-r) 

^J?9b{r) - 


'\a—1 


poo poo pt ps 

/ / / 

Jo Jo Jo Jo 

poo poo pt p 

= / / / 

Jo Jo Jo Jo 

poo pt _a —2 poo p 

t“-2 

1*00 pt poo ps —r ^ 

- / / J^gb{(y) / / o —drdsdadt 

Jo Jo Jo Jo 

=r(2 - a)g-‘^\-^gb{\) - r(2 - a)A-V“““^5fe(M)* 


/o ./o ./o ./o ('*“''■) 

r j?9b{T) 

{s — r)"“^ 


drdadsdt 


drdsdadt 


We compute the Laplace transform of the third term of Qbit,s) with respect to s and t as 
follows. 
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poo poo pt p 

/ / / 

Jo Jo Jo Jo 

poo poo pt p 

/ / / 

JO Jo Jo Jo 

r*oo 


^6(o-,r) 


(t + s — cr — r 


id —1 


drdadsdt 




0 JO 

/•oo /•£ _a—2 /*oo /•s 

-L '-"i 

^oo ^£ poo p 

+ / e-^* / 

Jo Jo Jo Jo 


{t + s — a — r)“ ^ 
_ J?gb{r) 

0 -'o r(a — 1) ^0 -/o 

OO pt 


drdadsdt 


{t + s — a — t) 


OL—1 


drdsdadt 


rx^ 


{t + s — a — t) 


d—1 


drdsdadt 


'0 JO 

poo pt _d—2 poo -j 

/ / —-r / e “^^7 -r— ■rdsdadt\~°'gb{\) 

Jo Jo r{a-l)Jo ’ 


>0 Jo r(a—l)7o (t + s — cr) 

poo pt p 

+ Ai-“ / / 

JO JO JO 


oo -I 


/o JO 

r*oo /•£ ^d—2 


(i + s — cj)" ^ 


dsdadt 


roo Pt d—2 / ^oo pt—<j \ 

- / / e-^V^-"dr - / e-^V^-^dr dadiA-^^^fA) 

do ^ r(a-l) ^ J 

POO pt / POO pt—a \ 

+ Ai-“ / / e-^V-“dr - / e-^"J-“dr dadt 

do do V d0 do / 


roo rt 

r(2 - a)A “-2 / - -e^^^-^UadtX-'^gbW 

Jo Jo 


+ 


0 r(a- 1) 

^oo ^£ d—2 pt—a 

/ e-/"* / —-- / e^J-^-^^r^-^drdadtX-^gdX) 

Jo Jo r(a- 1) do 

^OO 

+ r(2-a)A“-2A^-" / e-^W J^gb{a)e^J-^Uadt 

Jo Jo 

poo pt pt—a 

- A^-“ / e-^* / Jd5fe(a) / e^(*-"-"V^-“drd(jdt 

do do do 


/O JO Jo 

= _ r(2 - a)A“- 2 A-“^g 6 (A) + r(2 - «) 

/i — A /i — A 

+ r(2 - a)X^-‘^X^-^-^Ug) - r(2 - a)Ai->“- 2 i^ 5 ,(;x). 


g, — X 

Using (|2.9I) . we can obtain that 


/i — A‘ 


* Kb{a,r) , , r Kb{a,r) 


poo poo / pt p 

—d.rd.a, 



0 JO 


(s — r)“ ^ 


drda 


f r g rda)]dsdt 

Jo Jo {t + s-a- r)“-i ^ I 


={X---g-)Lb{g,X). 


(3.4) 


Taking inverse Laplace transform on both sides of p.4p . we derive 


Qbit, s) = (Jf - Jt)Lb{t, s), V f, s > 0. 


(3.5) 
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Form (j.S.3jl and (13.5p . we have that 


(- Jf )L(t, s) = (- Jf s), V t, s > 0. 

Therefore, L{t,s) = R{t,s). This completes the proof. ■ 

Combining Corollary 12.51 and Theorem 13.11 we can obtain the equivalent of Riemann- 
Liouville a-order fractional resolvents and Riemann-Liouville a-order fractional cosine functions. 
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